In this work, we review some properties of twisted partial actions of Hopf algebras on unital algebras and give necessary and sufficient conditions for a twisted partial action to have a globalization. We also elaborate a series of examples.
Introduction
Partial group actions arose in operator algebra theory in [25] , [35] , [26] , [27] , in order to characterize C * -algebras generated by partial isometries as more general crossed product. The algebraic study of partial actions and related notions was initiated in [27] , [20] , [39] , [40] , [33] and [19] , motivating further investigations. In particular, the Galois theory of partial group actions developed in [23] inspired further Galois theoretic results in [11] , [17] , [30] , [34] , [38] , as well as the introduction and study of partial Hopf actions and coactions in [18] , which, in turn, became the starting point for further research in partial Hopf (co)actions in [3] , [4] , [5] , [6] , [7] and [8] .
The concepts of a twisted partial action and the corresponding crossed product, introduced for C * -algebras in [26] , and adapted for abstract rings in [21] , suggested the idea of extending these notions for Hopf algebras, unifying twisted partial group actions, partial Hopf actions and twisted actions of Hopf algebras. This was done in [7] , where such crossed products were related to the so-called partially cleft extensions of algebras, and examples were elaborated using algebraic groups.
One obtains partial (group or Hopf) actions by restricting global ones to (non-necessarily) invariant ideals, and it is a central problem to discover under which conditions a given partial action is globalizable, i.e. it can be obtained (up to isomorphism) as a restriction of a global action.
The study of the globalization problem of partial group actions was initiated in the PhD Thesis by F. Abadie [1] (see also [2] ), and independently by B. Steinberg in [40] , and J. Kellendonk and M. V. Lawson in [33] . Other globalization results were obtained in [5] , [6] , [10] - [14] , [15] , [16] , [19] , [22] , [24] , [28] , [29] , [31] , [36] . In particular, in [4] a globalization theorem for the case of partial actions of Hopf algebras on unital algebras was proved, whereas in [22] the globalization of twisted partial group actions on rings was investigated. The importance of the globalization problem lies in the possibility to relate partial actions with global ones and try to use known results on global actions to obtain more general facts.
The aim of this article is to go further on the investigation initiated in [7] by considering the globalization of twisted partial Hopf actions. In Section 2, we recall some basic concepts about twisted partial actions of Hopf algebras, which we formalize now in the form which is most convenient for our purpose. We start with the concept of a partial measuring map of a bialgebra (or Hopf algebra) H on a unital algebra A, giving, in our examples, a complete characterization of these maps in the case of H being the group algebra κG, the dual (κG) * of the group algebra κG of a finite group G, and the Sweedler Hopf algebra H 4 , and A coinciding (in all three cases) with the base field κ. Then we proceed with the concept of a twisted partial action of a Hopf algebra (or, more generally, a bialgebra), in which we include all properties needed to guarantee that the partial crossed product is associative and unital. Next we consider the symmetric twisted partial Hopf actions. Symmetric twisted partial actions are described in details for specific Hopf algebras. In particular, the case of a group algebra κG recovers the theory of twisted partial actions of groups as developed in [21] and [22] . For the Sweedler Hopf algebra H 4 , the only symmetric twisted partial actions are the global ones. Furthermore, the dual of the group algebra (κG) * of a finite group G, the partial cocycles appearing have remarkable symmetries, and we relate them to global cocycles of dual group algebras of quotient groups. We do thoroughly the specific example for the Klein four-group K 4 , acting on the base field κ, and show that the symmetric twisted partial actions of (κK 4 ) * on κ are parametrized by the zeros (x, y) ∈ κ 2 of a polynomial in x, y of degree 2.
Section 3 is dedicated to the globalization theorem itself. The precise meaning of globalization of a symmetric twisted partial action of a Hopf algebra H on a unital algebra A given by a symmetric pair of partial cocycles ω and ω ′ is the existence of an algebra B (not necessarily unital) such that there is a twisted (global) action of H on B with convolution invertible cocycle v : H ⊗ H → B and an algebra monomorphism ϕ : A → B such that its image ϕ(A) is a unital ideal in B, and the restriction of this global twisted action is isomorphic to the original twisted partial action on A. The main result can be formulated as follows: a symmetric twisted partial action of a Hopf algebra H on a unital algebra A associated to the symmetric pair of partial cocycles ω and ω ′ , is globalizable if, and only if, there exists a normalized convolution invertible linear mapω : H ⊗ H → A satisfying certain compatibility conditions for intertwining the partial action of H on A and the restriction of the twisted action of H on B. The question for uniqueness of a globalization is not so straightforward to be addressed in this context as it is for partial actions of groups [19] and partial actions of Hopf algebras [5] . Even the form of the algebra B cannot be given in a simple way for the general case. We conclude the section with two examples. The first one shows that the example of a twisted partial Hopf action, constructed in [7] using the relation between algebraic groups and Hopf algebras, is globalizable. The second one is an explicit partial cocycle for (κK 4 ) * which leads to a globalizable symmetric twisted partial action.
Symmetric twisted partial actions
In this paper, unless otherwise explicitly stated, κ will denote an arbitrary (associative) unital commutative ring and unadorned ⊗ will mean ⊗ κ . We also omit the sum in the Sweedler notation for the comultiplication of a Hopf algebra. In what follows the symbol 1 will stand for the unit element 1 κ of κ. Definition 2.1. Let H be a κ-bialgebra, A a unital κ-algebra with unit element 1 A . We say that H partially measures A if there is a linear map
satisfying the following conditions:
Note that, if h · 1 A = ǫ(h)1 A , then we have the usual notion that H measures A.
Example 2.2. Note that every partial Hopf action in the sense defined by Caenepeel and Janssen [18] is an example of a measuring map of a Hopf algebra H on a unital algebra A. Indeed, if H is a Hopf algebra then a partial action of H on a unital κ-algebra A is a linear map
which satisfies (PM1), (PM2) and
It is readily seen that a measuring of a Hopf algebra on the base field is automatically a partial action. In what follows we revisit three examples of such measurings that appeared previously in [3] and [8] : We provide more detailed versions of [3, Ex. 3.7] and [8, Prop. 6.2] in Examples 2.3 and 2.4 respectively, and in Example 2.5 we redo the calculations of [3, Ex. 3.8] , regarding partial actions of the Sweedler algebra on κ, in a simpler and more readable manner.
Example 2.3. Let G be a group and κ a field. One can classify all the partial measuring maps of the Hopf algebra κG over the base field κ, which correspond to the partial actions of G on κ. The map · : κG ⊗ κ → κ can be viewed as a linear functional λ : κG → κ given by λ g = λ(g) = g · 1. The condition (PM1) implies that λ(e) = 1 (where e denotes 1 G ) and the condition (PM2) means that λ g = λ g λ g , which implies that either λ g = 1 or λ g = 0.
Consider now the following subset of the group G,
By item (PM), we have that
In the same way, putting h = g −1 , one can conclude that if g ∈ L then g −1 ∈ L, and it follows that L is a subgroup of G. Therefore, the partial measurings of the Hopf algebra κG over the base field κ are classified by the subgroups of G.
Example 2.4. Let G be a finite group. We can classify all the partial measuring maps of the Hopf algebra (κG) * over a field κ. By [8] they correspond to the partial G-gradings of κ. Again, they can be classified by linear functionals λ : (κG) * → κ, defined by λ(p g ) = p g · 1, where {p g } g∈G is the canonical basis of (κG) * . We know, from item (PM1), that g∈G λ(p g ) = 1, then there are some g ∈ G such that λ(p g ) = 0. Again, consider the subset
Finally, by (PM1), we have
which implies that char κ ∤ |L| and
Therefore, the partial G-gradings of the base field κ are classified by the subgroups L ≤ G, whose order is not divisible by char κ and the linear functionals λ L : (κG) * → κ given by
Example 2.5. Consider the four dimensional Sweedler Hopf algebra
H , gx = −xg over a field κ, whose characteristic is not 2, with the comultiplication and the counit given by
Let us classify the partial measuring maps of H 4 on the base field κ. Each partial measuring map is given by a functional λ :
, we have that λ 1 H = 1 and by (PM2) we conclude that λ g = λ g λ g , then λ g = 1 or λ g = 0. Assuming λ g = 1, we have from (PM3)
The first equality implies that λ x = λ gx = −λ xg , and the second leads to λ x = 0. Therefore, for λ g = 1, the only solution is the global case λ = ǫ. Considering instead λ g = 0 we obtain from the above equations again that λ x = λ gx = −λ xg and, in fact, no other constraint appears. Therefore, for λ g = 0 one can assign any value for λ x ∈ κ, and each such functional λ gives rise to a partial measuring of H 4 on κ.
The definition of a twisted partial action of a bialgebra (or Hopf algebra) H on a unital algebra A was given in [7, Definition 1] in a rather general form. We shall use the following version which already incorporates the normalization condition [7, (16) ], the 2-cocycle equality [7, (17) ] and also (iii) of [7, Definition 2] . 
The algebra A, in its turn, is called a twisted partial H-module algebra.
The map ω is called a partial 2-cocycle or twisting. If h · 1 A = ǫ(h)1 A , then a partial measuring is a usual one and a twisted partial action is merely a twisted action in the usual sense. On the other hand, if the partial 2-cocycle satisfies ω(h, k) = h · (k · 1 A ), then it is called a trivial partial cocycle and the resulting twisted partial action is the usual partial action, as defined in [18] .
Note that by [7, Prop. 1] , Definition 2.6 implies
for every h, l ∈ H.
Example 2.7. A source of examples of twisted partial actions can be given by the restriction to a unital ideal of a twisted action. More precisely, let H be a Hopf algebra with invertible antipode and B a, possibly non-unital, algebra measured by H through the linear map ⊲ : H ⊗ B → B. In the non-unital case, we simply consider the condition
since there is no meaning for the expression h ⊲ 1 B = ǫ(h)1 B . A twisted action of H on B is given by this measuring and a convolution invertible linear map u :
is the multiplier algebra of B, such that
Note that the first and the third equalities above are identities of multipliers, 1 M (B) is simply the identity map in B. The map ⊲ : H ⊗ M (B) → M (B) which appears in the third identity requires a more detailed explanation. First, the multiplier algebra M (B) can be viewed as a pull back [32] M (B) 
It is easy to see that Φ(h ⊗ x) really belongs to End B (B), indeed
Similarly, one proves that
Therefore, by the universal property of M (B) as a pull back, there is a unique linear map
One can restrict this twisted action to an ideal A = 1 A B, where 1 A is a central idempotent in B. This generates a twisted partial action of H on A given by the partial measuring
and the partial 2-cocycle
The proof that this indeed defines a twisted partial action is basically the same as given in [7] .
We recall the definition of partial crossed product introduced in [7] . Given a twisted partial action (H, A, ·, ω), there is an associative product defined on the vector space A ⊗ H :
The algebra A ⊗ H is not unital in general. Nevertheless, it contains a subalgebra A# ω H = (A ⊗ H)(1 A ⊗ 1 H ) with unit element (1 A ⊗ 1 H ), called the partial crossed product. As a subspace of A ⊗ H, it is generated by the elements
Given any global 2-cocycle v : H ⊗ H → κ, where κ has the global H-action, h · 1 = ǫ(h), one usually transfers the algebra structure of the crossed product κ# v H to H via the canonical isomorphism κ ⊗ H → H. This algebra is denoted by v H and the product is given by
We will denote this algebra by ω H. The partial crossed product, which will be denoted by ω H, can be identified with the subspace of H generated by the elements (h (1) · 1)h (2) , and the product of generators is given by
Later on, we will describe the algebra ω H when H = κG and H = (κG) * .
Recall that a twisted partial action of a group G on a unital κ-algebra A is defined in [21] as a triple
where for each g, h ∈ G, D g is an ideal of A, α g :
and some properties are satisfied. If each D g is generated by a central idempotent 1 g , then the twisted partial actions is called unital, and, as it was pointed out in [7] , this matches our concept of a partial action of the group algebra κG over A. In this case, 1 g = g · 1 A , and it is reasonable to have under consideration partial actions of a Hopf algebra H over some unital algebra A such that the map e ∈ Hom k (H, A), given by e(h) = (h · 1 A ), is central with respect to the convolution product. These partial actions are, in some sense, more akin to partial group actions. Furthermore, in the case of a unital twisted partial group action the ω g,h 's are invertible elements in D g D gh , for all g, h ∈ G. In particular, if the group action is global, then every element ω g,h is invertible in A, which is automatically translated into the Hopf algebra setting by saying that the cocycle ω ∈ Hom k (H ⊗ H, A) is convolution invertible. In the partial case, we have to consider more suitable conditions to replace the convolution invertibility for the cocycle, and the idea is to define a unital ideal in the convolution algebra Hom κ (H ⊗ H, A), in which the partial 2-cocycle lives and has an inverse [7] .
Let A = (A, ·, ω) be a twisted partial H-module algebra. It is easy to see that the linear maps
We also have that e is an idempotent in Hom(H, A) (and f 1 (h, k) = e(h)ǫ(k)). Notice that if f 1 and f 2 are central in the convolution algebra Hom κ (H ⊗ H, A), then the partial 2-cocycle ω lies in the unital ideal f 1 * f 2 Hom κ (H ⊗ H, A), thanks to (TPA3) and (2).
Definition 2.8. [7] Let H be a κ-bialgebra (or Hopf algebra) and A be a unital κ-algebra. A symmetric twisted partial action of H on A is given by the data (H, A, ·, ω, ω ′ ), such that
(STPA2) The above defined maps f 1 and f 2 are central in the convolution algebra Hom κ (H ⊗ H, A).
(STPA3) There exists a linear map
The algebra A is called a symmetric twisted partial H-module algebra.
Observe that the unit element of the ideal f 1 * f 2 is the central idempotent f 1 * f 2 itself, which thanks to (PM3) reads
Note also that the centrality of f 1 in Hom κ (H ⊗ H, A), automatically implies the centrality of e ∈ Hom k (H, A). With the aid of the inverse ω ′ on can rewrite the condition (TPA2) in Definition 2.6 as
Example 2.9. Any (global) twisted action of a Hopf algebra H on a unital algebra A is automatically symmetric. Indeed, as
Then both f 1 and f 2 are equal to the unit of the convolution algebra Hom k (H ⊗ H, A), which can be absorbed on the left or on the right. More generally, given any (possibly non-unital) twisted H-module algebra B, with (global) twisted action given by the measuring map ⊲ : H ⊗ B → B and an invertible and normalized 2-cocyle u : H ⊗ H → M (B), one can define a twisted partial action of H on any unital ideal A B, generated by a central idempotent 1 A ∈ B, according to Example 2.7. Moreover, if f 1 and f 2 are central in Hom κ (H ⊗ H, κ), then this twisted partial action is symmetric, with the inverse (partial) cocycle given by
Remark 2.10. If H is co-commutative and A is commutative, then for every twisted partial action of H on A the functions f 1 and f 2 are clearly central, because the convolution algebra Hom k (H ⊗ H, A) is commutative. Moreover, if the twisted partial action is symmetric (i.e. satisfies (STPA3)), then the twisting disappears from equality (3), which now simply means
, resulting in a partial action of H on A. Thus in this case a symmetric twisted partial action disassembles into a pair consisting of a partial action of H on A and a partial 2-cocycle ω with (STPA3). A partial 2-cocycle means now a κ-linear
Example 2.11. Let us consider the specific case of twisted partial actions of a group algebra κG over a field κ. Then every twisted partial action of κG on κ is automatically symmetric. Indeed, as we know from the Example 2.3, the measuring maps are classified by subgroups L ≤ G such that λ g = 1 if g ∈ L and λ g = 0 otherwise. One can classify every twisted partial action of κG on κ, determining the possible values for the partial 2-cocycle ω. Equality (2) gives us,
Then, automatically ω(g, h) = 0 if one of its two entries does not belong to the subgroup L. The cocycle condition (TPA5) in Definition 2.6 reads
which, taking g, h, k ∈ L transfers into the classical 2-cocycle condition for the group cohomology of the group L with values in the trivial L-module κ * :
Conversely, given a classical 2-cocycle ω : L × L → κ * , one may extend ω to κG ⊗ κG, by setting ω(g, h) = 0 if g or h does not belong to L, and obtaining thus a partial 2-cocycle. Hence the partial 2-cocycles of κG related to the given partial action of κG on κ can be identified with the classical 2-cocycles of the subgroup L with values in κ * . Obviously, setting ω ′ (g, h) = ω −1 (g, h) if and only if both g and h lie in L, we see that the twisted partial action (κG, κ, ·, ω) is necessarily symmetric.
In order to describe the crossed product in this case, let v be a 2-cocycle of L and let ω be its extension to κG as above. The vector space ω κG is generated by the elements λ g g, where λ g = 1 if g ∈ L and zero otherwise, and hence ω κG = κL as a vector space. It also follows that ω κG = v κL as an algebra. Observe that v κL is the twisted group ring of L over κ corresponding the 2-cocycle v.
Example 2.12. The only symmetric twisted partial actions of the Sweedler Hopf algebra H = H 4 on a κ-algebra A are the global ones. Indeed, for any linear function φ :
while, on the other hand,
Taking φ with (g, g) → 1 A , (x, g) → 0, and (1 H , g) → 0, we obtain that x · 1 A = 0 = ǫ(x)1 A , and for φ with (g, g) → 0, (x, g) → 1 A , and (1 H , g) → 0, we get g
exactly when the twisted partial action is global.
Example 2.13. The above example shows, in particular, that there is no symmetric twisted partial action of the Sweedler Hopf algebra over the base field κ which is not global. Nevertheless, we shall construct a partial cocycle defining a (non-global) twisted partial action of H = H 4 on κ.
As we have seen in Example 2.5, the truly partial measuring maps of H 4 on κ are given by functionals λ : H 4 → κ such that λ g = 0 (recall that λ x may have any value in κ and λ x = λ gx = −λ xg ). Take such a partial measuring, then the normalization condition (TPA4) for the partial cocycle gives us
The axioms (TPA2) and (TPA3), combined, allows us to write the identities,
and
Then (4) gives
and (5) results in
Moreover (4) and (5) do not give any restriction for the value of ω(xg, xg). Then taking arbitrary ω(xg, xg) ∈ κ it is readily seen that ω : H 4 ⊗ H 4 → κ also satisfies (TPA3), and consequently (TPA2). A list of verifications certify that the cocycle identity (TPA5) holds for ω.
Example 2.14. Given a finite group G and a field κ with char κ ∤ |G|, in order to classify the symmetric twisted partial actions of (κG) * on κ, one needs first to analyse the centrality of f 1 and f 2 . Consider a partial measuring map λ : (κG) * → κ determined by the subgroup L, such that λ(p g ) =
1
|L| if g ∈ L and λ(p g ) = 0 otherwise. Take any linear function φ : (κG) * ⊗ (κG) * → κ, and g, h ∈ G, then
Then the equality f 1 * φ = φ * f 1 is true for every φ, if, and only if the subgroup L is contained in the center of G. It is readily seen that in this case f 2 is also central. The second step is to define a normalized partial 2-cocycle ω : (κG) * ⊗ (κG) * → κ which is invertible in the unital ideal generated by
For the identity ω = ω * f 2 , we have
which leads to the conclusion that ω(p g , p h ) = ω(p kg , p kh ) for any k ∈ L. Joining these two informations, we obtain
and considering the fact that L is a subgroup of the center of G, then also
Let us say that a κ-linear function ω : (κG) * ⊗ (κG) * → κ is L-invariant if ω satisfies the above two equalities. Notice that the above computations show that a κ-linear function
Taking into account this L-invariance of the partial 2-cocycle, the first member of the cocycle identity
The second member, in its turn, is
Therefore, the cocycle identity (TPA5) transforms into
for all g, h, k ∈ G. It is readily seen that (6) means that ω is a global 2-cocycle of (κG) * with respect to the trivial action on κ. Let G \ L be a full set of representatives of left (= right) cosets of G by L. Then an L-invariant function ω ∈ Hom κ ((κG) * ⊗ (κG) * , A) satisfies (6) if and only if
for all g, h, k ∈ G \ L. Now, let ω : (κG) * ⊗ (κG) * → κ be a partial 2-cocycle, so that our partial measuring, determines by the central subgroup L ≤ G, is a symmetric twisted partial action. Then taking v(p gL , p hL ) = |L| 2 ω(p g , p h ), we have, thanks to the L-invariance of ω, a well-defined κ-linear map v : (κ G/L) * ⊗ (κ G/L) * → κ, which in view of (7) satisfies the global 2-cocyle equality with respect to the trivial action on κ. The normalization condition (TPA4) of ω directly implies that v is normalized. Furthermore, since our twisted partial action is symmetric, there exists ω ′ : (κG) * ⊗ (κG) * → κ satisfying (STPA3). Then taking u(p gL , p hL ) = |L| 2 ω ′ (p g , p h ), we compute that
showing that u is the convolution inverse of v. Consequently, v is a normalized global convolution invertible 2-cocycle of (κ G/L) * . Conversely, given a normalized convolution invertible global 2-cocycle v of (κ G/L) * with respect to the trivial action of (κ G/L) * on κ, define the κ-linear functions ω, ω ′ : (κG) * ⊗ (κG) * → κ by
Then the above considerations imply that we obtain a symmetric twisted partial action of (κG) * on κ.
Thus we have one-to-one correspondences between the following three sets:
• The partial 2-cocycles ω : (κG) * ⊗ (κG) * → κ with respect to the partial action of (κG) * on κ, determined by the central subgroup L ⊆ G, which are invertible in the ideal f 1 * f 2 .
• The L-invariant global 2-cocycles ω : (κG) * ⊗ (κG) * → κ with respect to the trivial action of (κG) * on κ, which satisfy the equalities (TPA4) and (STPA3).
• The normalized convolution invertible global 2-cocycles v : (κ G/L) * ⊗ (κ G/L) * → κ with respect to the trivial action of (κ G/L) * on κ.
Let now ω be a partial 2-cocycle such that we have a symmetric twisted partial action (i.e. ω is as in the first item above), and let v : (κ G/L) * ⊗ (κ G/L) * → κ be the corresponding global 2-cocyle. Then the map
is an isomorphism of algebras. In fact, as a vector space, ω (κG) * is generated by the elements
form a basis of ω (κG) * , which is the image under φ of the basis {p tL : t ∈ G\L} of v (κ G/L) * , and therefore φ is a linear isomorphism. Using the L-invariance of ω we see that the algebra structure on ω (κG) * is defined on basis elements by
From this expression, the L-invariance and the definition of ω, it follows that
with t, t ′ ∈ G \ L. In addition, it is trivially seen that φ is unital. Example 2.15. Consider the previous example for the specific case when the group G is the Klein four-group K 4 = a, b | a 2 = b 2 = e . Take the subgroup L = a , then the values of the partial measuring map λ are λ(p e ) = λ(p a ) = 1 2 and λ(p b ) = λ(p ab ) = 0. As the group K 4 is abelian, the subgroup L is automatically in the center, then we have no obstruction to the centrality of f 1 and f 2 (moreover, since K 4 is abelian, (κK 4 ) * is co-commutative and, consequently the convolution algebra Hom k ((κK 4 ) * ⊗ (κK 4 ) * , κ) is commutative). The L-invariance of the partial 2-cocycle reads
Which leads to ω(p b , p e ) = ω(p e , p b ) = −ω(p b , p b ), and ω(p e , p b ) = 1 4 − ω(p e , p e ). Therefore, we end up with only one independent value of the partial 2-cocycle, x = ω(p e , p e ). One directly checks that with these data, the 2-cocycle condition is satisfied for arbitrary value of x. Similarly, ω ′ is also L-invariant and normalized, and can be determined in a similar form in terms of y = ω ′ (p e , p e ). Furthermore, a direct computation shows that the condition ω * ω ′ = f 1 * f 2 is equivalent to the equality 32xy − 6(x + y) + 1 = 0.
Therefore the symmetric twisted partial actions of (κK 4 ) * on κ are parametrized by the points (x, y) ∈ κ 2 satisfying (8).
Globalization
As it was already seen, taking a twisted action of a Hopf algebra H over an algebra B and then restricting it to a unital ideal A, one obtains a twisted partial Hopf action of H on A. Now, given a twisted partial action of a Hopf algebra H on a unital algebra A, we can ask what conditions must be satisfied on order to view it as a restriction of a global action. The globalization problem was solved in several contexts. In particular, for partial group actions on C * -algebras the answer was given by F. Abadie (see [1] or [2] ). For the case of partial group actions on unital rings a criterion for the existence of a globalization was given in [19] , whereas for partial Hopf actions the globalization always exists, as it was shown in [5] . As to the twisted partial group actions, the globalization is quite more involved as it can be seen in [22] . We recall briefly the meaning of a globalization of a twisted partial group action. We denote by U(B) the group of invertible elements of an algebra B. Given a twisted partial action of G on an algebra A, {{D g } g∈G , {α g : 
ϕ :
A → B is a monomorphism of algebras and ϕ(A) B.
5. ϕ intertwines the twisted partial action of G on A with the induced twisted partial action on ϕ(A) obtained by the restriction of the twisted action β on B.
In this section we will follow some ideas present in [22] to construct a globalization for a twisted partial action of a Hopf algebra H on a unital algebra A. 
for all h, k ∈ H and a ∈ A.
Definition 3.2. Let A be a symmetric twisted partial H-module algebra with the pair (w, w ′ ). A globalization of A is a pair (B, ϕ), where B is a (possibly non-unital) twisted H-module algebra with invertible cocycle u : H ⊗ H → M (B) and ϕ : A → B is an algebra monomorphism such that (i) ϕ(A) is an ideal in B;
(ii) ϕ : A → ϕ(A) is an isomorphism of symmetric twisted partial H-module algebras, where ϕ(A) has the structure induced by B.
If the algebra B is unital then we call the globalization unital.
Our main result is as follows.
Theorem 3.3. Let A be a symmetric twisted partial H-module algebra with the pair (w, w ′ ).
If this partial action has a globalization then there is a convolution invertible κ-linear
mapw : H ⊗ H → A satisfying (h (1) ·w(k (1) , l (1) ))w(h (2) , k (2) l (2) ) = (h (1) · 1 A )w(h (2) , k (1) )w(h (3) k (2) , l) (9) withw(1 H , h) =w(h, 1 H ) = ǫ(h)1 A , such that ω = (f 1 * f 2 ) * w and ω ′ = (f 1 * f 2 ) * w −1 , i.e., ω(h, k) = (h (1) · 1 A )(h (2) k (1) · 1 A ))w(h (3) , k (2) ),(10)ω ′ (h, k) = (h (1) · 1 A )(h (2) k (1) · 1 A ))w −1 (h (3) , k (2) ).(11)
If there is a convolution invertible linear mapw as before, then A admits a unital globalization.
Proof. (1) Suppose that the pair (B, ϕ) is a globalization of the twisted partial action of H on A. Then, there are a twisted action of H on B given by ⊲ : H ⊗ B → B and a normalized, convolution invertible cocycle u ∈ Hom(H ⊗ H, M (B)), as well as an algebra monomorphism ϕ : A → B such that ϕ(A) is an ideal of B. The monomorphism ϕ also intertwines the partial action of H on A with the induced partial action of H on ϕ(A), which is given by
and the induced partial cocycle is given by the expressions
As the map ϕ is a monomorphism, one can conclude thatw is well defined. First, note that w is normalized, for
By the injectivity of ϕ we havew(h, 1
Also it is easy to see thatw is convolution invertible, for definew −1 by ϕ(w −1 ) = ϕ(1 A )u −1 (h, k), and then
Again, by the injectivity of ϕ we get
The other inversion formula is obtained in a similar way. The modified cocycle expression (9) is seen by
where in the equality (*) above we used the fact that the cocycle equation is an identity between multipliers. Finally, for the expressions (10) and (11) we have
The other equalities are obtained similarly.
(2) Consider the map
From (2.1) one can easily see that ϕ is an algebra homomorphism. In addition, if a ∈ Ker(ϕ), then
therefore, ϕ is an algebra monomorphism. We begin by proving that the algebra Hom(H, A) is a twisted H-module algebra, and then we show that there is a subalgebra B of Hom(H, A), which inherits the structure of the twisted H-module and contains ϕ(A) as an ideal.
Let us prove that Hom(H, A) is a twisted H-module algebra. Firstly, H measures Hom(H, A) by means of
In fact, given h, k ∈ H and θ, φ ∈ Hom(H, A), we have
It is also easy to see that 1 H ⊲ θ = θ, for all θ ∈ Hom(H, A). Indeed,
The map η(k) = ǫ(k)1 A is the unit of Hom(H, A), and one needs to verify that (h⊲η)(k) = ǫ(h)η(k).
The twisted H-module structure appears when one expands the expression of (h⊲(k⊲θ)):
If we define u : H ⊗ H → Hom(H, A) as the map
then its convolution inverse is
and we have
The map u is truly a cocycle, i.e., it satisfies the cocycle identity
In fact, beginning on the left hand side and using repeatedly the definition of u, we get
Finally, it is easily checked that u is a normalized 2-cocycle: if η denotes the unit element of Hom(H, A) then
We will show now that ϕ(A) is an ideal in a twisted H-module subalgebra of Hom(H, A). Define B as the subalgebra of Hom(H, A) generated by the elements of the form h ⊲ ϕ(a), for all h ∈ H and a ∈ A, and by the functions
B is a unital subalgebra of Hom(H, A).
It is easy to see that H ⊲ B ⊆ B, because of the law of composition (14) and the cocycle identity (15) . Therefore, B is a twisted H-module subalgebra of Hom(H, A). One needs only to verify that ϕ(A) is an ideal in B. This is accomplished by showing the following identities:
For identity (i) we have, for a, b ∈ A and h ∈ H ϕ(a)
where the last factor appears because e(k) = (k · 1 A ) commutes convolutionally. Since f 1 and f 2 are also central in Hom(H ⊗ H, A) (by (STPA2) ) and ω = f 1 * f 2 * w, the latter expression can be rewritten as
Identity (ii) is obtained in a similar manner. For identity (iii), we have, for a ∈ A and h, k,
In a similar way, we obtain the expression for u −1 (h, k) and the identities (iv) as well. Therefore ϕ(A) B.
From identity (i) we conclude quickly that the map ϕ intertwines the partial action on A with the partial action on ϕ(A), indeed
The image of the partial cocycle ϕ(ω(h, k)) is the induced cocycle
for the twisted partial action of H on the ideal ϕ(A). In fact,
Using equality (9) forw, we obtain
In an analogous manner, it can be shown that
This concludes the proof.
For the case of H being a co-commutative Hopf algebra, the H-submodule H ⊲ ϕ(A) is a non-unital subalgebra of Hom(H, A) and it carries a globalization of the twisted partial action on A.
This is because we can write, for a, b ∈ A and h, k ∈ H, using the co-commutativity of
and this last expression lies in H ⊲ ϕ(A), because ϕ(A) is an ideal of the algebra B obtained in the previous theorem. And, again only for co-commutative Hopf algebras, given any h, k, l ∈ H, the following
satisfies the relation
Then, since θ(h, k, l) ∈ B and ϕ(A) is an ideal in B, we have, for any a ∈ A, and h, k,
which implies that
That is, the product (h ⊲ ϕ(a)) * u(k, l) ∈ H ⊲ ϕ(A). Analogously, we obtain
Note that H ⊲ ϕ(A) is a non-unital algebra. The above computation shows that for any k, l in H, the elements u ±1 (k, l) can be viewed as multipliers of the algebra H ⊲ ϕ(A) since any product of elements of the form h ⊲ ϕ(a) and u(k, l) can be written as an element of H ⊲ ϕ(A). This is the case for globalization of twisted partial group actions as shown in [22] . In this case, for each g ∈ G, the algebra which carries the globalization is B = g∈G β g (ϕ(A)), the subspaces β g (ϕ(A)) are ideals of this algebra, and the 2-cocycle components u g,h belong to the multiplier algebra of B.
Example 3.4. [7] Let κ be an isomorphic copy of the complex numbers C and let S 1 ⊆ C be the circle group, i.e. the group of all complex roots of 1. Let, furthermore, G be an arbitrary finite group seen as a subgroup of S n for some n. Taking the action of G ⊆ S n on (κS 1 ) ⊗n by permutation of roots, consider the smash product Hopf algebra
which is co-commutative. Let X ⊆ G be an arbitrary subset which is not a subgroup, and consider the subalgebraÃ = ( g∈X p g )(κG) * ⊆ (κG) * , and define the commutative algebra A ′ = κ[t, t −1 ] ⊗n ⊗Ã. In order to simplify the notation, write In its turn, the generators of (κS 1 ) ⊗n can be written in terms of the roots χ θ of unity in the following way χ θ 1 ,...θn = χ θ 1 ⊗ . . . ⊗ χ θn ∈ (κS 1 ) ⊗n ,
where χ θ i ∈ S 1 is the root of 1 whose angular coordinate is θ i and which belongs to the i-factor of (κS 1 ) ⊗n . Then with the notation established in (16) and (17), the formula where g ∈ G and s ∈ X ⊆ G, gives a left partial action · : H ′ 1 × A ′ → A ′ . As H ′ 1 is a co-commutative Hopf algebra and A ′ is a commutative algebra, then thanks to Remark 2.10 it is enough to give a partial 2-cocycle ω attached to our partial action, which is invertible in the ideal f 1 * f 2 , i.e. a κ-linear map ω : H ⊗ H → A satisfying conditions (TPA3)-(TPA5) and (STPA3).
Assume that G is such that its Schur Multiplier is non-trivial, and take a normalized 2-cocycle γ : G × G → κ * which is not a coboundary (for a concrete such γ when G is the Klein four-group see [7] ). For arbitrary h = χ θ 1 ,...θn ⊗ u g and l = χ θ ′ 1 ,...θ ′ n ⊗ u s in H ′ 1 set ω(h, l) = γ(g, s) (h · (l · 1 A ′ )).
Then, as it was explained in [7] , the pair (α, ω) forms a twisted partial action of H ′ 1 = (κS 1 ) ⊗n ⋊ κG on A ′ . Moreover, taking
we readily see that it is symmetric. We observe now that this symmetric twisted partial action is globalizable. Indeed, the auxiliary convolution invertible mapw : Example 3.5. Consider now the symmetric twisted partial action given in Example 2.15, where H = (κK 4 ) * , the dual of the group algebra of the Klein four-group K 4 = a, b | a 2 = b 2 = e , and A is the base field κ, defined by the measuring map λ(p e ) = λ(p a ) = 1 2 and λ(p b ) = λ(p ab ) = 0. As it was shown in this case, the partial 2-cocyle ω and its partial inverse ω ′ are fully determined by a pair (x, y) ∈ κ 2 satisfying the quadratic equation (8) where x = ω(p e , p e ) and y = ω ′ (p e , p e ). One readily notes that the pairs ( (8) . Obviously, the first one gives the trivial partial 2-cocycle ω(p g , p h ) = ω ′ (p g , p h ) = f 1 * f 2 (p g , p h ) = p g · (p h · 1). So we take the second one, and then we have We shall prove that this symmetric twisted partial action is globalizable. In order to consider the auxiliary mapw, let us denote X g,h =w(p g , p h ), for g, h ∈ K 4 , so thatw is determined by 16 variables. The normalization condition gives us
and h∈K 4w
(p g , p h ) = h∈K 4
X g,h = ǫ(p g ) = 1 if g = e, 0 if g = e.
From condition (9), we have the following equations, for g, h, f ∈ K 4 , 
with g, h ∈ K 4 . Next, writing Y g,h =w −1 (p g , p h ) we have also the equations (w * w −1 )(p g , p h ) = r,s∈K 4 X r,s Y r −1 g,s −1 h = ǫ(p g )ǫ(p h ) = 1 if (g, h) = (e, e), 0 if (g, h) = (e, e), 
with g, h ∈ K 4 , the latter coming from (11) . Direct computations show that (18)- (23), showing that our symmetric twisted partial action is globalizable.
